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Se l f -cons is ten t  solut ions of s y s t e m s  of heat  conduction and f i l t ra t ion  equations in regions s epa -  
ra ted  by mobi le  boundar ies  a re  considered.  

The heat -conduct ion and f i l t ra t ion equations desc r ib ing  the p r o c e s s e s  of heat  and m a s s  t r a n s f e r  in sa tu -  
ra ted  porous  media  a r e  encountered in a whole s e r i e s  of p r o b l e m s ,  including: the drying and pur i f icat ion of 
porous  bodies [1]; the des t ruc t ion  of so l ids ,  accompanied  by phys icochemica l  convers ions  and the subsequent  
t r a n s f e r  of individual components  within the porous  m a t e r i a l  fo rmed  [2, 4]; t h e r m a l  methods  of intensifying 
the ex t rac t ion  of useful  m i ne ra l s  - h igh-v i scos i ty  pe t ro l eum,  bi tumin,  su l fur ,  gaseous hydra tes  [5-7], etc.  
The ma thema t i ca l  formula t ion  of these p r o b l e m s  involves compl ica ted  ve r s ions  of the Stefan p rob lem.  

In the p r e s e n t  work ,  s e l f - cons i s t en t  solut ions of one c lass  of such p r o b l e m s  a re  obtained in a m o r e  
genera l  formula t ion .  The case  cons idered  is that  in which the p r e s s u r e  and t e m p e r a t u r e  at a mobile  boundary 
a r e  unknown, but the functional t he rmodynamic  phase -equ i l i b r ium dependences re la t ing  them is known. In 
con t ras t  to ce r ta in  of the works  cited above,  m o r e  p r e c i s e  conditions of m a t e r i a l  and t h e r m a l  balance at  the 
mobile  boundary a r e  given. 

Suppose that a sa tu ra ted  porous  med ium occupies  the r ight -hand half space  x > 0, and that at  the su r face  
x = 0 heat  is supplied to the medium.  With t ime ,  the t e m p e r a t u r e  of the medium i n c r e a s e s ,  and the ma te r i a l  
to be ex t rac ted ,  init ially p r e s e n t  in the po res  in the solid s ta te ,  gradually mel t s .  The mel t ing  sur face  /(t) 
s epa ra t ing  the liquid and solid phases  moves  to the r ight ,  and the liquid phase  f i l t e r s  to the left ;  this t r a n s f e r  
may  be produced by p r e s s u r e  reduct ion a t  the boundary x = 0 us ing pumping out of the mel t  or  e lse  as a r e su l t  
of i nc rease  in p r e s s u r e  inside the medium by heat ing [2, 3]. 

Hea t  Ioss  due to hea t  t r a n s f e r  with the sur rounding  medium is neglected.  Use is a lso  made of the fact  
that  the t ime fo r  the l iquid-phase  t e m p e r a t u r e  to equal ize with the t e m p e r a t u r e  of the p o r o u s - m e d i u m  m a s s  is 
much l e s s  than the to ta l  durat ion of the heat ing p r o c e s s  [7]. 

The t e m p e r a t u r e  d is t r ibut ion in the f i r s t  region may  be desc r ibed ,  in the case of constant  t h e r m o p h y s i -  
cal  p a r a m e t e r s ,  by the l inear ized  equation of convective heat  t r a n s f e r  [5] 

k z OZTI cip,v OT[ c?T r 
Ox 2 Ox = ax - O t  ' ~1). 

where  k 1 = )t0(1-m) + him and a t = Ptcim + P0c0(1-m) a r e  the mean  t h e r m a l  conductivity and bulk spec i f ic  heat  
of the f i r s t  region;  ~s is the mean  l iquid-phase  densi ty;  and 

k Op 
v ---- (2) 

F 0x 

Here  and below, the subsc r ip t  0 r e f e r s  to the body of p o r e s ;  1 to the liquid phase;  2 to the solid phase;  
I to the region 0 < x < /(t); and II to the region l(t) < x < ~. 

In region II no liquid phase  is p r e s e n t ,  and the re fo re  the t e m p e r a t u r e  dis t r ibut ion is desc r ibed  by the 
equation 
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~:~TII OTIt-- l (t) < x < oo, 
aH Ox ~ -- Ot (3 )  

w h e r e  

OI l ~11 = -  , % = (1 ~ m)9oCo + m92c2, 
(XII 

~'H = (1 - -  m) ~'o "4- tn~. 

T h e  fo l lowing boundary  condi t ions a r e  taken in so lv ing Eqs .  (1) and (3) 

T x'(0, t ) = T  G, T u(x, 0 ) = T i t ( c o ,  t ) = T o ,  

T l (l, t) = Tit (l, t). 

(4) 

(5) 

At the  s u r f a c e  l( t) ,  the  h e a t - b a l a n c e  condi t ion is s a t i s f i ed  

OTx " OTH = [~L + ctp,T (l, t)l m dl 
- -  ~ -Ox-- + c~ .T (l, t )v( t ,  t) + ~"-~-x d'--{ " (6) 

T h e  p r e s s u r e  d i s t r i bu t ion  in r eg ion  I is d e s c r i b e d  by the  n o n - s t e a d y - f i l t r a t i o n  equa t ion  

02p Op x = . (7) 
Ox 2 Ot 

For th is  equa t ion  the fo l lowing condi t ions  a r e  sa t i s f i ed :  

p(O, t )  = pc,. (8) 

v (l, t) =- - -  m I~--  P, d__L. (9) 
p, dt 

T h e  las t  condi t ion e x p r e s s e s  the m a s s  ba lance  at  the l imi t  of so l i d -phase  mel t ing .  

In the gene ra l  c a s e ,  the p r e s s u r e  and t e m p e r a t u r e  a t  the s u r f a c e / ( t )  a r e  unknown, but a r e  r e l a t ed  by 
the equat ion of the p h a s e - e q u i l l b r i n m  cu rve  

T (l, t) = F [p (l, t)] ~ Tp. (10) 

As a ru l e ,  the dependence  T = F(p) is  d e t e r m i n e d  e x p e r i m e n t a l l y  in each  spec i f i c  case .  

The  p r o b l e m  in Eqs .  (1)-(10) is c lo sed ,  and admi t s  of s e l f - c o n s i s t e n t  solut ion.  

T h e  so lu t ion  of Eq.  (7) is sought  in the f o r m  

p(z) = Alerfz + A2, (11) 

w h e r e  e r f z  is the p robab i l i t y  in t eg ra l ;  z = x / 2 , ~ t  is  a s e l f - c o n s i s t e n t  va r iab le .  

It  fo l lows f r o m  Eq. (8) tha t  A 2 = PG- Subst i tu t ing Eq. (11) into Eq. (9) gives 

A, = m~t 0z- -P ,  e x p ( _ ~  ) V ~ - ~  d_l_/ = const. (12) 
k p~ dt 

Hence,  i t  fo l lows  that  

dt = const, --4xt = const = g2, (13 )  

where /3  is an a r b i t r a r y  cons tan t .  

Then  Eq.  (12) t akes  the f o r m  

k O~ 

1 0 9 0  



The final resu l t  obtained for  Eq. (11) is 

P = P G +  m~t 9z--Ps VTalS• 
k 9, 

It follows f rom Eqs. (1) and (14) that 

0o 
v = --  -W}--:- 

Substituting Eq. (14) into Eq. (1) gives 

exp (-- z2), Oo = m 92----- p~ [~ V-xexp (~z). 
9s 

OZT~ 0 ( x  2 ) 
a I Ox---- ~ + - ~ - e x p  - - - - ~ -  

OTI _ OTr 
Ox Ot 

where 

~'I QPs a t : - - ;  0 = - - - -  0o. 
(Z I O~ I 

Assuming that T I and TII a re ,  respec t ive ly ,  functions of the se l f -cons is ten t  var iables  

X X 

Z t  - -  _ _  , Z 2  ~ -  - - -  , 

2y ,t 2 

Eqs. (16) and (3) a re  wri t ten  in the fo rm of ord inary  different ia l  equations 

dz--y- 1 + 2  z, + ~Vai exp _ _  vz ] ~ =0 ,  v =  , 

dSTlt dTlt 
dz~ - + 2zz -- O. 

dz2 

Integrat ing these  
it is found that 

equations, and de te rmining  the constants of integrat ion f rom Eqs. (4), 

L = T~ - -  ( r  G - -  Vp ) r (z,) 
" r  (vi) ' 

TI~ = T O + (Tp - -  To) erfc zz 
erfc Yz 

"fl _--_ 1 (t) = const, ~'2 : 1 (t) -- const, 

erfc[ = 1 - -e r f [ ,  r j ~ e x p [ _ a 2 + O v ] / / T e r  f a ] ~ deq. 

0 

(14) 

(i5) 

(16) 

(17) 

(18) 

(5), and (10), 

(19)  

(20) 

(21) 

The p r e s s u r e  at the melt ing sur face  is found f rom Eq. (14) 

mp, P2 - -  p, V'~[3• exp ([~) err ~. p (1 (t), t) = pG+ k o, (22) 

Then,  in accordance  with Eq. (10), the unknown t empera tu re  Tp in Eqs.  (19) and (20) is de termined  with the 
known dependence 

rp = F [p q (t), t)]. 

The law of mel t ing-sur face  motion may be de te rmined  f rom the f i r s t  re la t ion in Eq. (21) 

1 (t) = 2V, Va-~. (23) 

1091 



T h u s ,  Eqs .  (14), (19), (20), and (23) c o m p r i s e  the so lu t ion  of the p r o b l e m ,  which wi l l  be c o m p l e t e l y  
so lved  if the cons t an t s  B, 7t ,  and )'2 a r e  d e t e r m i n e d .  

I t  fo l lows  f r o m  Eqs .  (13), (21), and (23) tha t  

~ - - ,  ~2  ~ l  

Substitution of the values of v(/, t), T I, TII, and/(t) into Eq. (18) gives, taking the last two relations 
into account, a transcendental equation for 7t 

/ \ 

~.,, (T O - -  To) exp (--y~ ~ll___ ) _~ (L + ctTp)mp2u ~ (24) 

q = V'~vm P~-- p' c~. 

The value of Tp = Tp(yt) is determined from Eqs. (10) and (23). 

The expressions obtained may be simplified in the case of quasisteady llquid-phase filtration. In fact, in 
saturated porous media as a rule, ~t 7> al, i.e., the pressure perturbation propagates much more rapidly than 
the temperature perturbation [7]. The quantity 71, characterizing the velocity of melting-surface motion, is 

usually of the order of unity or less. Then 

Set t ing  

VF -a~ Vt (( 1. v =  >)1. ~ =  -~-  

x x__5__ 2 x 
exp I~ 2 = I, err 2 ~  < err • 1 (t) ~ ~ - -  p 1 (t--~- 

in Eq.  (14) y i e l d s  an e x p r e s s i o n  f o r  the p r e s s u r e  

2rn~, Pz-- P, ~z x x (25) 
P= Po + k z(O 

I t  is  s i m p l e  to e s t a b l i s h  tha t  th is  e x p r e s s i o n  is  the so lu t ion  of Eq. (7) f o r  ~t = ~o and s a t i s f i e s  the bounda ry  cond i -  

t ions  in Eqs .  (8) and (9). 

The  constant /3 ,  as  b e f o r e ,  is  d e t e r m i n e d  f r o m  Eq. (13). T h e  f i l t r a t i on  r a t e  is  

O; 0~ = m[3 y~- P2 - -  Po 
- - -  V - - r '  0, ' 

and, accordingly, there are no exponential expressions in Eqs. (16) and (17), and 0 is replaced by the quantity 

0' = c~• 0~ 

T h e  so lu t ion  of Eq.  (17) t a k e s  the f o r m  

T l ~ T G - -  (T G - -  Tp) erf (zj t- O) - -  err 
err (u q- ~ - -  err 0 

o '  (26) 
, e - - -  v _ z l  �9 

Note that this expression may also be obtained directly from Eq. (19) if the function ~(~) is simplffiedby 

the means indicated above, and the integral is evaluated. 
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Thus ,  in the case  of quas is teady f i l t ra t ion ,  the p r e s s u r e  and t e m p e r a t u r e  in the f i r s t  region are  d e t e r -  
mined f r o m  Eqs. (25) and (26), while Eqs.  (20) and (23) r ema in  unchanged. To  de te rmine  Yl, Eqs. (6), (20), 
(23), (25), and (26) yie ld  the equation 

exp (--  W - -  q17~)2 ~H (Tp - -  To) z, (vG- rp) 
erf (7, q- qivi) - -  err q'~,~ lZaaH 

~xp ( -  v~ ~' ) 
• a,'--~ =(Lq_c ,  Vp)mpzT,W~t ' q, m (Pz-- Ps) c , 

erfc~h | r  a, a, 
all 

(27) 

Cons ider ,  as  an example ,  the mel t ing  of a bi tumen m a s s  in a porous  medium us ing a hea te r .  The fo l -  
lowing p a r a m e t e r s  w e r e  adopted in the calculat ions fo r  the t he rmophys i ca l  quanti t ies  cha r ac t e r i s t i c  of p e t r o -  
l eum depos i t s :  P0 = 2500 kg/m~; Pl = 800 kg/m3; P2 = 950 kg/ma;  c o = 750 J / k g - d e g ;  c 1 = 2000 J / k g  .(leg; 
c 2 = 2000 J / k g / d e g ;  2~ 0 = 1.38 W / m  �9 deg; X I = 0.17 W / m . ( t e g ;  X 2 = 0.5 W / m - d e g ;  L = 167-10 a 5 /kg ;  
a I = 0 .625-10 -6 m2/sec ;  a'l-r= 0.708.10  -6 m2/sec ;  T0=30~ Tp=60~ 

The values  of ~/1 calculated f r o m  Eq. (27) for  a t e m p e r a t u r e  drop  T G - Tp in the f i r s t  region of 40, 90, 
and 180~ a r e  0.425, 0.875, and 1.125, r e spec t ive ly .  

Knowing ~/1, the exp re s s ions  given above may  be used to calcula te  such c h a r a c t e r i s t i c s  of the 
given p r o c e s s  as the t e m p e r a t u r e  and p r e s s u r e  f ie lds ,  the l iquid-phase  f i l t ra t ion r a t e ,  and the coordinate  of 
the mel t ing  su r face  as a function of the t ime.  F o r  example ,  the mel t ing  depth/ ( t )  of the bitumen m a s s  d e t e r -  
mined f rom Eq. (23) a f t e r  100 days with the above t e m p e r a t u r e  drops  a r e  found to be 2.19, 4.50, and 5.78 m,  
re  spe ctively.  
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N O T A T I O N  

t e m p e r a t u r e  at the coordinate  or igin;  
phase - t r ans i t i on  t e m p e r a t u r e ;  
initial  t e m p e r a t u r e ;  
t h e r m a l  conductivity; 
spec i f ic  heat;  

IS  

lS 

IS 

IS  

IS  

IS  

lS  

lS 

ts the densi ty;  
is the f i l t ra t ion  ra te ;  
is the pe rmeab i l i t y ;  
is the poros i ty ;  
is the v i scos i ty ;  
is the piezoconduction coefficient;  
Is the t h e r m a l  dfffusivi ty;  
is the phas e - t r an s i t i on  su r face ;  
is the p r e s s u r e ;  
is the p r e s s u r e  at coordinate  or igin;  
is the p r e s s u r e  at  phas e - t r an s i t i on  sur face ;  
a r e  the s e l f - cons i s t en t  va r i ab l e s ;  
a re  the constants  of integrat ion;  
a r e  the constants ;  
is the p robab i l i t y - in t eg ra l  symbol .  
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USE OF W A T S O N  O P E R A T I O N S  IN T H E  S O L U T I O N  

OF SOME P R O B L E M S  IN T H E  T H E O R Y  OF 

T H E R M A L  C O N D U C T I V I T Y  

M. A.  B a r t o s h e v i c h  a n d  A P .  P r u d n i k o v  UDC 517.947.43 

The Watson transform method is used to obtain analytical solutiops of certain nonstationary 
problems in the theory of thermal conductivity for variable regions with a specified law of bound- 

ary motion. 

We will consider the following problem: we must find a solution of the thermal  condugtivityequation 

Ou O'u 
Ot dx 2 

in the region Zt + bt - x - Z 2 +bt ,  12-I , = l > 0, - ,o  < t< .o ,  which satisfies the initial condition 

and the boundary conditions 

(I) 

ult=_| = 0 (2) 

O___~_u + =ul = h~ (t), (3) 
OX [x=l ,q-Or 

ul~, ,+b,  = h~ (t). (4) 

Here a, b, l 1, 12, a a r e  constant parameters .  We will seek the  solution of Eqs. (1)-(4) in the form of the sum 
of thermal  potentials of a simple and twin layer  [1, 2] 

!| (x--t,--bs). l i (x __ l~__ bs) (x--t.--bs), 
a Pt (s) e 4a, ( t -s~ d s  + 4a ]/'-~ Pz (s) e 4a, (~-,) ds, (5) 

u (x ,  t )  = 2 V - ~  ~ _ V i - -  s _ .  ( t  - s )  3/~ 

where p(t) and p2(t) a re  unknown functions, to be defined from boundary conditions (3), (4); initial condition (2) 
is satisfied automatically. To define Pl(t) and p2(t) we obtain a system of Voltaire integral equations of the 
second sor t  

t 
o, (t) + ~  ~,~ ~ K~, ( t -  s) ~,j (,) ds (i = 1, 2), (6) h~ (t) = (-- l) ~ --~ J=~ -| 

where 
.1 

Ku(x)= ~ exp x , 
V x  4a 2 

(aS+ tb -- a~gl I z 
Ktg(x )=  ~ aZx 3t2 - -  2aZxSt2 

b2+ 2r ( bZx + Ib g~ ) 

v ( b~x tb l "z ) K,,, (x) - -  . - - 7=  exp 4a ~ 4a z 4aZx 
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